In recent decades, the approach known as Finite-Dimension Thermodynamics has provided a fruitful theoretical framework for the optimization of heat engines operating between a heat source (at temperature T hs ) and a heat sink (at temperature T cs ). We will show in this paper that the approach detailed in a previous paper [1] can be used to analytically model irreversible heat engines (with an additional assumption on the linearity of the heat transfer laws). By defining two dimensionless parameters, the intensity of internal dissipation and heat leakage within a heat engine were quantified. We then established the analogy between an endoreversible heat engine and an irreversible heat engine by using the apparent temperatures (T cs → T λ,φ cs , T hs → T
Introduction
In recent decades, the approach known as Finite-Dimension Thermodynamics has provided a fruitful theoretical framework for the optimization of heat engines operating between a heat source (at temperature T hs ) and a heat sink (at temperature T cs ) [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . The main idea of this approach is the coupling of a converter with two heat exchangers of finite dimension which connect the converter to thermostats. In other words, in the framework of Finite-Dimension Thermodynamics, we take into account at least the external irreversibilities ( Figure 1 ). This approach was initiated independently by Chambadal [16] and Novikov [17] in 1957 and then clarified by Feidt [18] and others [19] [20] [21] [22] [23] . The simple case where only the external irreversibilities related to external heat transfer between thermostats and converter are taken into account corresponds to the case that we call an "Endoreversible Heat Engine". The most remarkable result of this theoretical case (with an additional assumption on the linearity of the laws of heat transfer) is the Chambadal-Novikov-Curzon-Ahlborn efficiency η CNCA = 1 − √T cs /T hs aobtained at the optimal operating point where the output mechanical power is maximized. This efficiency, like that of the ideal Carnot engine η C = 1 − T cs /T hs , depends only on the temperatures of heat source and heat sink.
There has been much discussion about the energy conversion efficiency at the optimal operating point of an endoreversible heat engine and an exo-reversible heat engine [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . In particular, Apertet et al. [28] developed an empirical model of a thermoelectric generator and then compared the impact of internal and external irreversibilities on the conversion efficiency at the optimal point where the electrical power is maximized. They showed that the Chambadal-Novikov-Curzon-Ahlborn efficiency η CNCA is only available for endoreversible heat engines, whereas the Schmiedl-Seifert efficiency η SS [27] applies only to exo-reversible heat engines where the irreversibilities are fully internal. In another paper, Apertet et al. [29] studied the conversion efficiency at maximum power of a system composed of two thermoelectric generators thermally connected in series but electrically independent. By neglecting the heat loss within the thermoelectric generators, they showed that the optimum condition for maximum power is not unique but depends on the combination of the electrical load resistances of each generator. In this paper, we will firstly recall the notion of an Exo-reversible Heat Engine where only the internal irreversibilities are taken into account [36, 37] , and then by applying a new approach [1] based on the association of Finite-Dimension Thermodynamics and the Bond-Graph approach [38, 39] , we give the analytical expressions of the optimal operating point of an Irreversible Heat Engine where the energy conversion is accompanied by irreversibilities related to internal heat leakage and internal dissipation. An application of this approach to a thermoelectric generator [40, 41] allows one to optimize the design of the machine and express the energy recovery potential based on the physical parameters of the system.
We chose the optimization criterion based on the maximum mechanical power [11, 42, 43] as it is a relevant criterion for heat recovery systems in which the heat source is considered "free" such as the exhaust gas of a motor vehicle. These heat recovery systems (ORC system [44, 45] , thermoelectric generator [40, 41] ) are potentially interesting in view of the technical solutions designed to reduce the TCO (Total Cost of Ownership) of vehicles and greenhouse gas emissions. Figure 2 shows the Bond-Graph diagram of an exo-reversible heat engine where only the internal irreversibilities are taken into account. We consider two sources of irreversibilities here: internal dissipation and heat leakage.
Modeling of Exo-Reversible Heat Engine at Steady State
In the case of exo-reversible heat engine, we assume that there is no heat leakage between thermostats and that the thermal conductances between the heat engine and the thermostats are infinite. As a result, there is no thermal gradient between the machine and the thermostats (T h = T hs , T c = T cs ), which means that the entropy generation in these conductances is zero. In fact, the rate of entropy generation by heat transfer is given by:
. Since the thermal power transferred Q is finite and the thermal conductance K is infinite, the rate of entropy generation is zero. 
Exo-reversible Heat Engine
By convention, the arrows next to the flow variables indicate the positive direction of power transfer. For example, the entropy flow rate from the heat source to the exo-reversible heat engine is the term hs S while the entropy flow rate from the exo-reversible heat engine to the heat sink is the term cs S ( Figure 2 ). To remain consistent with the case of the endoreversible heat engine that we detailed in another article [1] , we call S the entropy flow rate involved in reversible energy conversion and we use it as control variable of the exo-reversible heat engine. Similarly, we keep the same notation for the energy flow rates at the border of the machine: To simplify the problem in order to obtain analytical solutions, we make the following assumptions:
• The temperatures of heat source and heat sink are constant (T hs and T cs ).
• The energy conversion is a reversible process (conservation of entropy flow rate • The law of heat transfer is linear (constant conductance K λ ).
• The internal dissipation Φ depends only on the control variable S :
. This assumption can be justified when the entropy flow rate S involved in reversible energy conversion completely defines the operating point of the machine. Moreover, in the case of a thermoelectric generator where the internal dissipation is related to the Joule effect, we have:
where R is the electric resistance of the thermoelectric generator and α the Seebeck coefficient. With the assumptions of steady state and linearity of the laws of heat transfer, we obtain the following equations (cf. Figure 3 ):
where f c and f h are two coefficients which determine the distribution of the internal dissipated power Φ between the hot and cold sides (f c + f h = 1). To simplify our problem, we make an additional assumption that the internal dissipated power Φ is proportional to the square of the entropy flow rate S (Joule friction):
where F φ is the internal "resistance" assumed constant. We then obtain the expressions of the thermal powers 
When we vary the entropy flow rate S , the operating point of the machine moves. Relation (7) forms the parametric equations of the operating curve of the exo-reversible heat engine that we are going to study in the [W , 1 η ] diagram (cf. Figure 4 ).
Figure 4.
Operating curve of an exo-reversible heat engine.
Determination of the Maximum Mechanical Power and the Associated Efficiency
The range of variation of the entropy flow rate S is implicitly defined by the inequality ( ) 0
We immediately obtain the cutoff entropy flow rate ex sc S , a nontrivial solution of ( ) 0
By deriving the mechanical power given by Equation (7) with regard to the entropy flow rate involved in the energy conversion S , we easily deduce the expression of the optimal entropy flow rate ex o S for which we obtain the maximum power of the machine:
we note that the optimal entropy flow rate ex o S is equal to half of the cutoff entropy flow rate ex sc S in the case of an exo-reversible heat engine which recalls a well-known result in the field of thermoelectric conversion [46] . By injecting the optimal entropy flow rate in (7), we obtain the expression of maximum output power of the exo-reversible heat engine:
Equation (10) shows that the optimal operating point corresponds to the case where the load resistance defined by
. This is again a well-known result in the field of thermoelectric conversion [46] . The optimal electric current is defined by:
where α is the Seebeck coefficient.
The energy conversion efficiency of the exo-reversible heat engine at the optimal operating point is lower than the Carnot efficiency:
It should be noted that in the case of an exo-reversible heat engine, the internal thermal conductance K λ does not affect the maximum output power but the associated energy conversion efficiency (cf. right-hand diagram on Figure 4 ).
From Figure 2 , we can deduce the expressions of the rate of entropy generation related to internal dissipation 
The rate of entropy generation related to internal dissipation ex ϕ σ is proportional to the square of the entropy flow rate involved in the energy conversion S . At point (A) defined by a zero entropy flow rate, this term is thus zero (cf. Figure 5 ). The rate of entropy generation related to heat leakage ex λ σ is constant. We can then express the rate of total entropy generation ex σ within the exo-reversible heat engine in the form: Figure 6 shows the Bond-Graph diagram at steady state of an irreversible heat engine which is built from the exo-reversible heat engine detailed in the previous section, by adding the finite constraint of the conductances connecting the heat engine to heat source and heat sink. As above, we assume that the overall conductances of the heat exchangers K h and K c are constant. 
Modeling of an Irreversible Heat Engine at Steady State

Power Balance at Steady State
From Figures 6 and 7, the power balance can be written as:
with the laws of heat transfer:
The output mechanical power can thus be written as ( Figure 6 ): (16) note that the expression (16) does not enable to give the function ( ) S W which is requisite to plot the operating curve of the heat engine, because the temperatures T h and T c depend implicitly on the operating point, as we shall see below. 
Analytical Expressions of the Operating Point
By eliminating the thermal powers h Q , c Q and λ Q , between the laws of heat transfer (15) and the thermal energy balances (14), we obtain a linear system of two equations with temperatures T c and T h as unknowns and the entropy flow rate S as a parameter which is similar to that in [47] : (17) from the solution of the linear system (17) which expresses the temperatures T c and T h as a function of the entropy flow rate S , we can calculate all the thermal powers from the laws of heat transfer (15) , which allows us to express the output mechanical power based on the entropy flow rate (16).
Analysis of Effects of Internal Dissipation
We assume here that the internal thermal conductance K λ is zero (no heat leakage within the heat engine). In this case, the matrix of the linear system (17) is diagonal. The solution is immediate: (18) by injecting the expressions of (18) in Equations (15) and (16), we obtain the expressions of the thermal powers h Q , c Q and the output mechanical power W as a function of the entropy flow rate S :
The nodal approach used here does not enable the distribution of the internal dissipated power Φ between the hot side (f h ) and the cold side (f c ) to be determined. The simplest hypothesis (and also the most widely used) is to divide this dissipated power equally between the hot side and the cold side
». However, given the arbitrary nature of this hypothesis, we prefer another hypothesis which allows us to cancel the last term in expression (19) . Given the implicit relation «
we obtain:
The conductance K sc of Equation (20) The expression of the output mechanical power (21) is analogous to the case of an endoreversible heat engine on condition that we work with the "apparent" temperatures of heat source and heat sink given by (22) . In this case, it concerns an upward translation of these temperatures ( The internal dissipation increases the cutoff temperature compared to the case of the endoreversible heat engine but does not modify the heat flow rate [cf. Equation (23)]. As a result, the internal dissipation reduces the range of variation of the entropy flow rate S (cf. Figure 8) . By deriving the expression (21) regarding the entropy flow rate S , we obtain an expression similar to that obtained in the case of an endoreversible heat engine [1] where the temperatures of the heat source and the heat sink have been replaced by their apparent values [cf. Equation (22) (24) we immediately deduce the expression of the optimal entropy flow rate: (21), we obtain the expression of the maximum output mechanical power by using the apparent temperatures (27) By studying the direction of the variation of the function ( ) Moreover, the derivative of the output mechanical power (24) at the origin point is equal to the difference of temperatures of thermostats. According to the expressions of (22), we obtain the following relationship: Figure 8 ).
It remains to study the impact of the internal dissipation on the energy conversion efficiency. From Equation (19) , we obtain the energy conversion efficiency as a function of the entropy flow rate S : At point (B) where the entropy flow rate is equal to the cutoff entropy flow rate ϕ sc S given by the expression of (23), the conversion efficiency is naturally zero. For the optimal point (O), by injecting the optimal entropy flow rate 
It may be noted that this associated efficiency differs from the apparent CNCA efficiency obtained by using the apparent temperatures of heat source In addition, one should note that contrary to the endoreversible heat engine, the optimal efficiency ϕ η o associated to the maximum power depends not only on the temperatures of heat source and heat sink but also the conductances K c , K h and the internal "resistance" F φ .
Finally the operating curve of the heat engine in the presence of internal dissipation in the [W , 1 η ] diagram deforms according to the diagram on the right of Figure 8 .
Analysis of Effects of Internal Heat Leakage
We will now analyze the effect of the internal heat transfer on the performance of the machine (K λ > 0). We assume here that there is no internal dissipation (F φ = 0). According to the linear system (17), the internal heat transfer creates a coupling term between the temperatures T c and T h [non-zero terms on the diagonal of matrix A (17)]. To solve this system, we will first simplify the matrix and calculate the determinant of the matrix in the form:
A simple calculation gives us the apparent conductances λ c K and λ h K by reference to the endoreversible heat engine [1] :
The inversion of the linear system (17) then makes it possible to express the temperatures T c and T h in terms of S : (34) As in the previous case, we again obtain the apparent temperatures of heat source and heat sink, which brings us back to the case of the endoreversible heat engine. However, it should be noted that the expression (33) has a factor λ + 2 1 1 which is equal to 1 in the case of the endoreversible heat engine.
Unlike the previous case (analysis of effects of internal dissipation), we observe here an "apparent" increase in the temperature of the heat sink and an "apparent" decrease in the temperature of the heat source and finally an "apparent" decrease in the pinch between heat source and heat sink: (36) We can easily demonstrate the following equalities from (31):
We conclude that the cutoff entropy flow rate is not affected by the internal heat leakage even though it corresponds to a smaller cutoff thermal power ( 
The expression of the optimal entropy flow rate is perfectly analogous to the case of an endoreversible heat engine when we use the "apparent" conductances and temperatures.
Finally, by injecting the optimal entropy flow rate λ o S in the expression of (33), we obtain the expression of the maximum output mechanical power is lower than that of the endoreversible heat engine λ = 0. And as the cutoff entropy flow rate is not modified by the internal heat leakage, the curve of mechanical power is reduced by the heat leakage (cf. At point (A) defined by a zero entropy flow rate, the thermal power received by the engine from the heat source is equal to the internal heat loss:
[cf. Equation (14)]. We can thus write at the point (A) the following relationship with the assumption
. As a result, unlike the case of an endoreversible heat engine, even the case including internal dissipation, the energy conversion efficiency at point (A) in presence of internal heat leakage is zero. The heat engine behaves at this point as three thermal resistances in series with the only effect that the thermal power
is transferred from heat source to heat sink without any production of mechanical power.
The right-hand diagram on Figure 9 shows the deformation of the operating curve of the heat engine in presence of internal heat leakage in 
Analysis of Combined Effects of Internal Dissipation and Heat Leakage
Here we have a nonzero leakage conductance λ K and a nonzero dissipation coefficient F φ . By applying the same approach as for the previous two cases, we again obtain an expression of the output mechanical power similar to the case of the endoreversible heat engine: 
we can easily demonstrate the following relationship: here we have also an analogous expression compared with the endoreversible heat engine provided that the apparent temperatures and the apparent overall conductance λ sc K given by Equation (40) are used. Regarding the energy conversion efficiency, we combine the two effects of internal dissipation and heat transfer, and in particular a zero efficiency at point (A) as shown in Figure 10 . Figure 10 illustrates the separate and combined effects of internal dissipation and heat leakage on the operating curve of the irreversible heat engine. In particular, on the right-hand figure, we plotted the « CNCA » efficiencies obtained by using the apparent temperatures of heat source and heat sink (horizontal curves). In conclusion, these CNCA efficiencies are not comparable to the real optimal efficiencies except in the case of endoreversible heat engines. The parameter ξ λ,φ alone cannot be used to characterize the performance of a heat engine. For a given ξ λ,φ , the maximum output power may be different according to the values of λ and φ (cf. Figure 11) . As a result, in the case of thermoelectric conversion, we should not base all the research of thermoelectric materials only on the figure of merit ZT. Starting from the irreversible heat engine detailed above (cf. Figure 7) , we add an external thermal conductance l K assumed constant to represent the heat leakage between heat source and heat sink (cf. Figure 12 ). 
Optimal Allocation of Conductances
The maximum output mechanical power in the case of an Endoreversible Heat Engine is given by the following expression which is a product of two terms. The first term K sc is a function of the conductances K h and K c , and the second term Θ is a function of temperatures:
represents the effect of the temperatures of heat source and heat sink on the maximum output power. This term is considerably lower than the difference of temperatures ∆T = T hs − T cs . For example, for T cs = 300 K and T hs = 900 K, we have ∆T = 600 K and Θ = 161 K only! We can explain the disparity between the factor Θ and the difference of temperatures ∆T by noting that the first one is proportional to the difference between the arithmetic average and the geometric average of the temperatures T hs and T cs :
For fixed temperatures T hs and T cs , the single degree of freedom to increase the maximum output power is the constrained allocation of conductances K h and K c . One can imagine different types of constraints such as the total heat exchange area allocated [23] . By designating the overall heat transfer coefficients U h and U c , the total heat exchange area is given by: to obtain the optimal allocation of conductances, we can use the method of Lagrange multipliers:
In particular, if the heat exchange coefficients U h and U c are equal, the optimal allocation corresponds to the case of equipartition of conductances (cf. Figure 14) .
In presence of internal dissipation, the maximum output power is: In the special case where the optimization constraint is the total conductance K c + K h = cst, we prove analytically (the calculations are heavy) that the internal dissipation has no effect on the optimal allocation of conductances by applying the method of Lagrange multipliers:
In presence of internal heat leakage, the maximum output power becomes: In the special case where the optimization constraint is the total conductance K c + K h = cst, the parameter λ and the conductance λ λ K are constant. As a result, the conductance λ sc Table 1 . Analogy between endoreversible heat engine and irreversible heat engine. The analytical expression of cutoff entropy flow rate is very important for engineers seeking to define the operating range of the machine, and the optimal entropy flow rate indicates the operating point where we obtain the maximum potential of the system specified by the expression of the maximum output power. In the application of a thermoelectric generator, we deduced easily the optimal electric current for which the output electric power is maximized [50] .
Heat Engine Classification
However, these apparent temperatures should not be used to calculate the optimal energy conversion efficiency by analogy with the case of the endoreversible heat engine: In addition, the analytical expression of the maximum output power makes it possible to calculate without difficulty, at least numerically, the optimal allocation of conductances depending on the chosen optimization constraint. The application of our approach to a thermoelectric generator shows that the figure of merit ZT alone should not be used to characterize the performance of the system.
